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Abstract— Current VLSI technology allows the manufac-
ture of large-area integrated circuits with sub-micron fea-
ture sizes, enabling designs with several millions of devices.
However, imperfections in the fabrication process result in
yield-reducing manufacturing defects, whose severity grows
proportionally with the size and density of the chip. Conse-
quently, the development and use of yield enhancement tech-
niques at the design stage, to complement existing efforts at
the manufacturing stage, is economically justifiable. Design-
stage yield enhancement techniques are aimed at making the
integrated circuit defect-tolerant, i.e., less sensitive to man-
ufacturing defects, and they include incorporating redun-
dancy into the design, modifying the circuit floorplan and
modifying its layout.

Successful designs of defect-tolerant chips must rely on ac-
curate yield projections. This paper reviews the currently
used statistical yield prediction models and their application
to defect-tolerant designs. We then provide a detailed sur-
vey of various yield enhancement techniques and illustrate
their use by describing the design of several representative
defect-tolerant VLSI circuits.
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I. INTRODUCTION AND PRELIMINARIES

The profitability of integrated circuits manufacturing de-
pends heavily on the fabrication yield, defined as the pro-
portion of operational circuits to the total number of fab-
ricated circuits. A yield of 100% is unlikely, due to various
manufacturing defects which exist even under mature man-
ufacturing conditions. Continuous advances in manufac-
turing technologies have reduced the defect densities (e.g.,
by using cleaner rooms). However, reduction of the design
feature size (down to submicrons) and further increases in
the chip area (up to almost 1 inch?) have increased the
number and density of devices on a single die, resulting
in, once again, a decreased fabrication yield. Thus, chip
designers and manufacturers will continue to be concerned
with manufacturing defects in the foreseeable future.

In this paper we describe the nature of manufacturing de-
fects and the way they impact the operation of a chip, and
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then show how to project the yield of a designed chip using
statistical defect-distribution models. More importantly,
we describe some defect-tolerance techniques for yield en-
hancement which can be employed during the design pro-
cess, such as added redundancy and floorplan and layout
modifications, and demonstrate their use in existing VLSI
circuits. Previous reviews related to the topic of this paper
include survey papers - [47], [64], [71], [73], [94], books -
[26], [31] and [32], and an edited collection of articles - [15].

A. Manufacturing Defects and Circuit Foults

We start by introducing some of the basic terminology
used in yield analysis. Manufacturing defects can be roughly
classified into gross area defects (or global defects) and spot
defects. Global defects are relatively large-scale defects,
such as scratches from wafer mishandling, large area defects
from mask misalignment, and over- and under-etching. Spot
defects are random local (i.e., small) defects from materials
used in the process and from environmental causes, mostly
the result of undesired chemical and airborne particles de-
posited on the chip during the various steps of the process.

Both types of defects contribute to the yield loss. In ma-
ture, well-controlled fabrication lines, gross area defects can
be minimized and almost eliminated. Controlling random
spot defects is considerably more difficult, and as a result
the yield loss due to spot defects is typically much higher
than the yield loss due to global defects. This is especially
true for large area integrated circuits, since the frequency
of global defects is almost independent of the die size, while
the expected number of spot defects increases with the chip
area. Consequently, spot defects are of greater significance
when yield projection and enhancement are concerned, and
they are the focus of this paper.

Spot defects can be divided into several types according
to their location and to the potential harm they may cause.
Some cause missing patterns which may result in open cir-
cuits, while others cause extra patterns which may result
in short circuits. These defects can be further classified
into intra-layer defects and inter-layer defects. Intra-layer
defects occur as a result of particles deposited during the
lithographic processes and are also known as photolitho-
graphic defects. Examples of these are missing metal, dif-
fusion or polysilicon, and extra metal, diffusion or polysili-
con. Also included are defects in the silicon substrate such
as contamination in the deposition processes. Inter-layer
defects include missing material in the vias between two
metal layers or between a metal layer and polysilicon, and
extra material between the substrate and metal (or diffu-
sion or polysilicon) or between two separate metal layers.



These inter-layer defects occur as a result of local contam-
ination, e.g., dust particles.

Not all spot defects result in structural faults such as
line breaks or short circuits. Whether or not a defect will
cause a fault depends on its location, size, and the layout
and density of the circuit (see Figure 1). For a defect to
cause a fault it has to be large enough to connect two dis-
joint conductors or disconnect a continuous pattern. Out
of the three circular missing-material defects appearing in
the layout of metal conductors in Figure 1, the two top
ones will not disconnect any conductor, while the bottom
defect will result in an open circuit fault.
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Fig. 1. The critical area for missing-metal defects of diameter z.

We make, therefore, the distinction between physical de-
fects and circuit faults. A defect is any imperfection on the
wafer, but only the fraction of defects which actually af-
fect the circuit operation are called faults and are the ones
causing yield losses. Thus, for the purpose of yield estima-
tion, the distribution of faults, rather than that of defects,
is of interest.

Some random defects that do not cause structural faults
(also termed functional faults) may still result in paramet-
ric faults, i.e., the electrical parameters of some devices
being outside the desired operational window, affecting the
performance of the circuit. For example, a missing-material
photolithographic defect may be too small to disconnect
a transistor but may affect its performance. Parametric
faults may also be the result of global defects which cause
variations in process parameters (see [19], [87]). This paper
concentrates on functional faults, and does not deal with
parametric faults.

B. Probability of Failure and Critical Area

We next describe how the fraction of manufacturing de-
fects which result in functional faults can be calculated.
This fraction, also called the probability of failure (POF),
depends on the type of the defect, on its size (the larger
the defect size, the higher the probability that it will cause
a fault), and on the geometry of the circuit. A commonly
adopted simplifying assumption is that a defect is circle
shaped with diameter z (as shown in Figure 1). Accord-
ingly, we denote by 6;(z) the probability that a defect of
type ¢ and diameter x will cause a fault, and by 6; the av-
erage POF for type i defects. Once 6;(z) is calculated, 6;

can be obtained by averaging over all defect diameters z.
Experimental data lead to the conclusion that the diameter
z of a defect has a density function fy(z) which decreases
as 1/xP between z¢ and z,, ([24], [95]). zo is usually the
resolution limit of the lithography process ([32]), and z
is the maximum size of a defect. The exact values of p and
Z, can be determined empirically and may depend on the
defect type. Typically, p ranges in value between 2 and 3.5

([58], [95]). Thus,
Lp
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where k = (p — )ab ™" 28 " /(287" — 287"). 6; can now be
calculated as

if 2z, <z<zxy

fa(z) = (1)

otherwise

b; = /Hi(w) fa(z) dx (2)

Analogously, we define the critical area for defects of type
i and diameter z, Agc) (z), as the size of the area in which
the center of a defect of type ¢ and diameter x must fall
in order to cause a circuit failure, and by A{ the average
over all defect diameters x of these areas. Agc) is called the
critical area for defects of type i, and can be calculated as

AP = / AP (@) fule) da 3)

Assuming that given a defect, its center is uniformly dis-
tributed over the chip area, and denoting the chip area by
Achip, We obtain

A (@)
Gi xIr) = L 4
(z) Aons, (4)
and consequently, based on (2) and (3),
AL
0; = 5
Achip ( )

Since the POF and the critical area are related through
(5), any one of them can be calculated first. There are sev-
eral methods of calculating these parameters. Some meth-
ods are geometry-based, and they calculate A,@ (z) first,
while in the Monte-Carlo type methods 6;(x) is calculated
first. We will briefly describe several methods for calcu-
lating the critical area/POF of an IC. For a more detailed
description of how critical areas and POFs can be calcu-
lated, see Chapter 5 in [32].

We illustrate the geometrical method for calculating crit-
ical areas through the VLSI layout in Figure 1, which shows
two horizontal conductors. The critical area for a missing-
material defect of size z in a conductor of length L and
width w is the size of the shaded area in Figure 1, given by

([45])

Agc)(x):{(o ifx <w

z—w) L+i@z-—w)Vel—w? ifz>w (6)



The critical area is a quadratic function of the defect diam-
eter, but for L > w, the quadratic term becomes negligible.
Thus, for long conductors we can use just the linear term.
An analogous expression for AEC) (@) for extra-material de-
fects in a rectangular area of width s between two adjacent
conductors can be obtained by replacing w by s in Equation
(6).

Other regular shapes can be similarly analyzed and ex-
pressions for their critical area can be derived (e.g., [45]).
Common VLSI layouts consist of many shapes in different
sizes and orientations, and it is very difficult to derive the
exact expression for the critical area of all but very sim-
ple and regular layouts. Therefore, other techniques have
been proposed including several more efficient geometri-
cal methods and Monte Carlo simulation methods (e.g.,
[103]). One geometrical method is the polygon expansion
technique, in which adjacent polygons are expanded by z/2
and the intersection of the expanded polygons is the crit-
ical area for short-circuit faults of diameter z (e.g., [31]).
Other geometrical methods with a lower computation time
have been developed ([30], [32], [102]). A different geomet-
rical method is the virtual artwork technique, in which an
artificial layout is extracted from the given layout such that
the estimation of the critical area is simplified [66].

In the Monte Carlo approach, simulated circles repre-
senting defects of different sizes are placed at random lo-
cations of the layout. For each such “defect” the circuit of
the defective IC is extracted and compared with the defect-
free circuit to determine whether the defect has resulted in
a circuit fault. The POF, 0;(x), is calculated for defects
of type ¢ and diameter z, as the fraction of defects which
would have resulted in a fault. It is then averaged using
(2) to produce 6;, and Agc) = 0; Achip- An added benefit of
the Monte Carlo method is that the circuit fault resulting
from a given defect is exactly identified. The Monte Carlo
method has long been computation time consuming. Only
recently have more efficient implementations been devel-
oped, allowing this method to be used for large ICs [93].

Once Agc) (or ;) is calculated for every defect type i,
they can be used as follows. Let d; denote the average
number of defects of type i per unit area, then the average
number of manufacturing defects of type i on the chip is
Achipd; . The average number on the chip of circuit faults
of type ¢ can now be expressed as 0;Acpipd; = Agc)di .

In the rest of the paper we will assume that the defect
densities are given and the critical areas are calculated.
Thus, the average number of faults on the chip, A, can be
obtained using

A= ZASC)dz = Z eiAchipdi (7)

where the sum is taken over all possible defect types on the
chip.

In Section IT we describe some basic yield models which
can be used for predicting the yield of chips without any
defect-tolerance. Section III deals with defect-tolerance
through redundancy. We first extend the yield models de-
scribed in Section II to chips with redundancy, and then

give some practical examples of memory chips and logic
chips which have redundancy incorporated in their design.
In Section IV we describe two other techniques for yield en-
hancement, namely layout modification and floorplan mod-
ification.

II. BAsic YIELD MODELS

In order to project the yield of a given chip design, some
analytical probability model is necessary to describe the
expected spatial distribution of manufacturing defects, and
consequently, of the resulting circuit faults which eventu-
ally cause yield loss. The amount of detail needed regard-
ing this distribution differs between chips which have some
incorporated defect-tolerance and those which do not. In
case of a chip with no defect-tolerance, its projected yield is
equal to the probability of no faults occurring in the whole
chip area. Denoting by X the number of faults on the chip,
the chip yield, denoted by Y;pip, is given by

Yehip = Prob (X =0)

The yield is usually obtained by substituting £ = 0 in the
probability function Prob (X = k). If the chip has some re-
dundant components, projecting its yield requires a more
intricate model which will provide information regarding
the distribution of faults over partial areas of the chip, as
well as possible correlations among faults occurring in dif-
ferent sub-areas. In this section we describe statistical yield
models for chips without redundancy, while in Section III
we generalize these models for predicting the effects of re-
dundancy on the yield.

A. The Poisson and Compound Poisson Yield Models

The most common statistical yield models appearing in
the literature are the Poisson model and its derivatives -
the Compound Poisson models. Although other models
have been suggested (e.g., [69]), we will concentrate in this
paper on this family of distributions, due to the ease of cal-
culation when using the Poisson distribution, the relative
ease of the integration (analytical or numerical) needed for
the compounding, and the documented good fit of these
distributions to empirical data [17].

Let X denote the average number of faults occurring on
the chip, i.e., the expected value of the random variable
X. Assuming that the chip area is divided into a very
large number, n, of small statistically independent sub-
areas, each with a probability A/n of having a fault in it,
we get the following Binomial probability for the number
of faults on the chip

Prob (X =k) = Prob{k faults occur on chip}
= (Q)omta-amm*t®

Letting n — oo in (8) results in the Poisson distribution

Prob (X =k) = Prob{k faults occur on chip}

e A\
T H ©)




and the chip yield is equal to

Yonip = Prob (X =0) = e (10)

It has been known since the beginning of integrated cir-
cuit manufacturing that equation (10) is too pessimistic
and leads to predicted chip yields that are too low when ex-
trapolated from the yield of smaller chips or single circuits.
It later became clear that the lower predicted yield was
caused by the fact that defects, and consequently faults, do
not occur independently in the different regions of the chip
but rather tend to cluster more than is predicted by the
Poisson distribution. Figure 2 demonstrates how increased
clustering of faults can increase the yield. The same six
faults occur in both wafers, but the wafer at the bottom
has a higher yield due to the higher clustering.
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(b) Clustered faults, Yopip, = 0.7

Fig. 2. Effect of clustering on chip yield.

Clustering of faults implies that the assumption that sub-
areas on the chip are statistically independent, which led
to (8) and consequently to (9) and (10), is erroneous. Sev-
eral modifications to (9) have been proposed to account
for fault clustering. The most commonly used modifica-
tion is obtained by considering the parameter X in (9) as
a random variable rather than a constant. The resulting
Compound Poisson distribution produces a distribution of
faults in which the different sub-areas on the chip are cor-
related and which has a more pronounced clustering than
that generated by the pure Poisson distribution.

The compounding procedure is demonstrated below. Let
A be the expected value of a random variable L with values
! and a density function fr(I), where fr(I)dl denotes the
probability that the chip fault average lies between [ and
l+dl. Averaging (or compounding) (9) with respect to this
density function results in

Prob (X = k) = /0o AR (11)

k!

and a chip yield given by

Yonip = Prob (X =0) = / - e~lfr(l) dl (12)
0

The function fr() in this expression is known as the com-
pounder or mizing function. Any compounder must satisfy

/ T Rod=1; BE)= / Tl = A
0

0

Murphy [70] used as a compounder the triangular density

function
l
Az
2A-1
)\2

which results in the following expression for the chip yield:

0<I<A
A<I<2)

fr(l) = (13)

_ 2
chhip:P’f'Ob (X:O):‘/OQAe—lfL(l) dl:(l—; A)
(14)

Seeds [84] suggested the exponential density function

o1/
i = = (15)
which gives a yield of
bl 1
Yonip= Prob (X =0) =/0 e di= s (16)

Okabe [77] and Stapper [88] suggested using as a mixing
function the Gamma distribution with the two parameters
Aand o

a® —g]

110 = oty

(17)

Evaluating the integral in (11) with respect to (17) results
in the well known Negative Binomial yield formula

k
Prob (X = k) = Fk(!o‘;(ra’;) q FA//QJ)QM (18)
and
Yenip = Prob (X =0) = (1+Xa)™® (19)

This last model is also called the large-area clustering Neg-
ative Binomial model. It implies that the whole chip con-
stitutes one unit, and that sub-areas within the same chip
are correlated with regard to faults. The Negative Bino-
mial yield model has two parameters, and is therefore, more
flexible and easier to fit to actual data than the previously
mentioned distributions. The parameter A is the average
number of faults per chip, while the parameter « is a mea-
sure of the amount of fault clustering, and smaller values
of a indicate increased clustering. Actual values for a typ-
ically range between 0.3 and 5. The Seeds model (16) is
a special case of (19) for @ = 1. When a — o0, expres-
sion (19) becomes equal to (10), which represents the yield
under the Poisson distribution, characterized by total ab-
sence of theoretical clustering. (In practice there will be
some clustering even under the Poisson distribution, due
to the deviation of actual measurements from their theo-
retical expected values).



B. Variations on the Simple Yield Models

The large area clustering Compound Poisson models de-
scribed above use two crucial assumptions - that the fault
clusters are large compared to the size of the chip, and that
they are of uniform size. In some cases, it is clear from ob-
serving the defect maps of the manufactured wafers that
the faults can be divided into two classes: heavily clus-
tered and less heavily clustered (see Figure 3), and clearly
originate from two sources: systematic and random. In
these cases, a simple yield model as described above will
not be able to successfully describe the fault distribution.
This inadequacy will be more noticeable when attempting
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Fig. 3. A wafer defect map.

to evaluate the yield of chips with redundancy. One solu-
tion which has been suggested in the past is including in
the model a gross yield factor Yj, denoting the probability
that the chip is not hit by a gross defect. Gross defects
are usually the result of systematic processing problems
that affect whole wafers or parts of wafers. They may be
caused by misalignment, over- or under-etching or out-of-
spec semiconductor parameters such as beta transconduc-
tance or threshold voltage. It is shown in [78] that even
fault clusters with very high fault densities can be modeled
by Yp. If the Negative Binomial yield model is used, then
introducing a gross yield factor Y results in

Yenip = Yo (1+ A/a)™* (20)

As chips become larger, this approach becomes less practi-
cal as very few faults will hit the whole chip. Instead, com-
bining two fault distributions, each with a different set of
parameters, has been suggested in [50]. X, the total num-
ber of faults on the chip, can be viewed as X = X; + Xo,
where X; and X, are statistically independent random
variables, denoting the number of faults of type 1 and of
type 2, respectively, on the chip. The probability function
of X can be derived from

k
Prob (X =k) =) _ Prob (X;=j)x Prob (Xs=k—j) (21)
=0

and

Yenip= Prob (X =0)= Prob (X; =0) x Prob (X,=0)
(22)
If X; and X, are modeled by a Negative Binomial dis-
tribution with parameters A1, a1 and As, as, respectively,
then
Yonip = (1 4+ M/oq) ™ 1+ Ap/an) ™ (23)

Another variation on the simple fault distributions may oc-
cur in very large chips, where the fault clusters appear to be
of uniform size, but are much smaller than the chip area. In
this case, instead of viewing the chip as one entity for statis-
tical purposes, it can be viewed as consisting of statistically
independent regions (called blocks in [49]). The number of
faults in each block has a Negative Binomial distribution,
and the faults within the area of the block are uniformly
distributed. The large-area Negative Binomial distribution
is a special case where the whole chip constitutes one block.
Another special case is the small-area Negative Binomial
distribution [98] which describes very small independent
fault clusters and is sometimes confused with the Pois-
son distribution. Mathematically, the medium-area Neg-
ative Binomial distribution can be obtained, similarly to
the large-area case, as a Compound Poisson distribution,
where the integration in (11) is performed independently
over the different regions of the chip. Let the chip consist
of B blocks, and have an average of [ faults. Fach block
will have an average of /B faults, and according to the
Poisson distribution the chip yield will be

B

where e~/B is the yield of one block.
When each factor in (24) is compounded separately with

respect to (17), the result is
—a1B —Ba
A/ B A
14— = 1+ — 2

It is also possible that each region on the chip has a different
sensitivity to defects, and thus, block ¢ has the parameters
i, @, resulting in

(24)

Ychip -

B

Yenip = H(l-l-i—::)_ 1

i=1

(26)

It is important to note that the differences among the var-
ious models described in this section become more notice-
able when they are used to project the yield of chips with
built-in redundancy.

To estimate the parameters of the yield model, some vari-
ation of the “window method” [47], [77], [78], [84], [97] is
regularly used in the industry. Wafer maps that show the
location of functioning and failing chips are analyzed using
overlays with grids, or windows. These windows contain
some chip multiples (e.g., one, two and four) and the yield
for each such multiple is calculated. Values for the param-
eters Yy, A and «a are then determined by means of curve



fitting. The “window method” has been extended in [49]
to include estimation of the block size for the medium-area
clustering yield model.

I1I. YIELD ENHANCEMENT THROUGH REDUNDANCY
A. Yield Projection for Chips with Redundancy

In many integrated circuit chips, identical blocks of cir-
cuits are often replicated. In memory chips, these are
blocks of memory cells which are also known as sub-arrays.
In processor arrays these basic circuit blocks are referred
to as processing elements. In other digital chips they are
referred to as macros. We will use the term modules to
include all these designations.

In very large chips, if the whole chip is expected to be
fault-free, the yield will be very low. The yield can be in-
creased by adding a few spare modules to the design and
accepting those chips which have the required number of
fault-free modules. Clearly, the more spares are added, the
higher the resulting yield will be. However, adding redun-
dant modules increases the chip area and reduces the num-
ber of chips that will fit into the wafer area. Consequently,
a better measure for evaluating the benefit of redundancy
is the effective yield, defined as

yelf

chip

Achip_'wz'thout_redundancy

=Y. (27)

hip Achip_wz'th_redundancy
The maximum value of Ycigc determines the optimal amount
of redundancy to be incorporated into the chip.

The yield of a chip with redundancy is the probability
that it has enough fault-free modules for proper operation.
To calculate this probability, a much more detailed statis-
tical model than described earlier is needed, a model which
specifies the fault distribution for any sub-area of the chip,
as well as the correlations among the different sub-areas of
the chip.

A.1 Chips with One Type of Modules

For simplicity, let us first deal with projecting the yield
of chips whose only circuitry is N identical modules, out
of which R are spares and at least N-R must be fault-free
for proper operation. Define the following probability

Fyn =
Prob{Ezactly M out of the N modules are fault-free}

Then the yield of the chip is given by

N
Yepip = E Fun
M=N-R

(28)

Using the spatial Poisson distribution implies that for any
partial area of size a of the chip, the number of faults oc-
curring in this area has a Poisson distribution, with a pa-
rameter (which is also the average number of faults in this
area) equal to Aa/Acpip, where A p;p is the chip area and
A is the average number of faults in the whole chip. The
average number of faults per module, A("™), is therefore

Am) = X/N. In addition, when using the Poisson model,
the faults in any distinct sub-areas are statistically inde-
pendent, and thus,

s = () ()" (1)

= () @M - (29)
and the yield of the chip is
N
N B M B N-M
Yehip = Z (M) (e A/N) (1 e /\/N)
M=N-R
(30)

Although the Poisson distribution lends itself very eas-
ily to yield calculations, unfortunately, it does not match
actual defect and fault data. If any of the Compound Pois-
son distributions is to be used, then the different modules
on the chip are not statistically independent but rather
correlated with respect to the number of faults. A simple
formula like (30), which uses the Binomial distribution, is
therefore not appropriate. There are several approaches to
calculating the yield in this case, all leading to the same
final expression [47].

The first approach applies only to the Compound Pois-
son models, and is based on compounding the yield expres-
sion in (30) over A(™) (as shown in Section II). Replacing

A/N by [, expanding (1—e_l)N_M
N (=) (N;M) (e‘l)k and substituting into (30) re-
sults in

into the binomial series

N-M

Fun = (2) 3 or (N M) @) @y
() Z o (V3Y)

k=0
By compounding (31) with a density function fr,(I) we ob-
tain

N-M

e () B (7 [

k=0

Denoting yn, = [ e ™ fr(I)dl (yn is the probability that
a given subset of n modules is fault-free, according to the
Compound Poisson model) results in

Fun = (AAD Niw(—l)'“ (N;M) Ynitk

k=0

(32)

and the yield of the chip is equal to

Yenip = f: NiM(—l)k (Z) (N;M) Ytk (33)

M=N—-R k=0

Ya+k can be replaced by any of the expressions (10), (14),
(16), or (19) with A replaced by (M +k)A™ = (M+k)A/N.
The Poisson model can be obtained as a special case by
substituting

Yargr = €~ MTRIAN



while for the Negative Binomial model

Y = (1+ (M+k)A>‘“

Na (34)

and the yield of the chip is

Yenip = i NiM(_l)k (]\Z)

M=N—-R k=0

(N;M) (1 + (Aj\{; k)A)“’ (35)

The approach descri ed a ove to calc lating the chip
yield applies only to the ompo nd oisson models
more general approach involves sing the well nown n
cl sion and ¢l sion rinciple in order to calc late the
pro a ility mny e ning as the desired event the event
in which the th mod leis fa It free sy is the pro a il
ity of e actly M s ch events occ rring sim ltaneo sly and

according to the ncl sion and ¢l sion rinciple
N-M
N N-M
e (B B (3o

which is the same e pression as (3 ) which leads to (33)
ince ation (33) can e o tained from the asic n
cl sion and ¢l sion rinciple it is ite general and ap
plies to a larger family of distri  tions than the ompo nd
oisson models The only re irement for it to e appli
ca le is that for a given any s set of mod les have
the same pro a ility of eing fa It free and no statistical
independence among the mod les is re ired
s shown a ove the yield for any ompo nd oisson
distri tion (incl ding the p re oisson) can e o tained
from (33) ys stit ting the appropriate e pression for y
f a gross yield factor Yy e ists it can e incl ded in y
or the model in which the defects arise from two so rces
and the n m er of fa lts per chip can e viewed as
= +
Yy =9 9y

where y * denotes the pro a ility that a given s set of

mod les has no type fa lts ( =1 ) The calc lation
of y for the medi m si e cl stering Negative Binomial
pro a ility is slightly more complicated and will not e
incl ded here tcan efo ndin 4

ore omple esigns

The simple architect re analy ed in the preceding sec
tion is an ideali ation since act al chips rarely consist en
tirely of identical circ it mod les The more general case
is that of a chip with m ltiple types of mod les each with
its own red ndancy n addition all chips incl de s pport
circ its which are shared y the replicated mod les The
s pport circ itry almost never has any red ndancy and if
damaged renders the chip n sa le n what follows we
derive yield e pressions for chips with two di erent types
of mod les and some s pport circ its The e tension to a

larger n m er of mod le types is straightforward tc¢ m

ersome and is therefore not presented here

enote y N; the n m er of type mod les o t of

which ; are spares ach type mod le occ pies an
area of si e ; on the chip ( = 1 ) The area of the
s pport circ itry is . ( k stands for chip ill since any
fa It in the s pport circ itry is fatal for the chip) learly
N + N + k= chip

ince each circ it type has a di erent sensitivity to defects
it has a di erent fa 1t density et A A and A, de
note the average n m er of fa lts per type 1 mod le type

mod le and the s pport circ itry respectively  enot
ing v M ~ m ~ the pro a ility that e actly M type
1 mod les e actly M type mod les and all the s pport
circ its are fa It free the chip yield is given y

N N

2 2

M =N -R M =N —R

Yenip = M N M N (3)

ccording to the oisson distri tion

N M
MNMN:( >_ 1- -

M
y N
M

)

To get the e pression for
fa 1t distri

N —M

1— - - 3)

M N M ~N nder a general
tion we need to se the two dimensional n

cl sion and cl sion rinciple

M N M N =

N N N-M N-M

DD DD DD DR CI Vet 3)

M M k=0 k=0

N N -M N N -M

M k M ko) Ym ko k
where y is the pro a ility that a given set of  type 1

mod les a given set of type mod les and the s pport
circ itry are all fa It free This pro a ility can e calc

lated sing any of the models descri ed in ection  with
Areplaced y A 4+ A 4+ A
Two noted special cases are the oisson distri tion for
which
Y = - - - (4 )

and the large area Negative Binomial distri  tion for which

—x

A+ A
!

Ac
14 + Ack

Y = (41)

ome chips (eg 1 ) have a very comple red ndancy
scheme that does not conform to the simple M o t of N
red ndancy n these casesit wo ld ee tremely di c It
to develop closed yield e pressions for any model with cl s
tered fa lts (ie any model other than the oisson model)
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